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Let R be a commutative noetherian ring. We compute the n-torsion part of the Brauer group 
of R[t, 1 it] for each positive integer n such that n is relatively prime to all of the residue 
characteristics of R. 
The purpose of this paper is to prove Theorem 1. Special cases of the theorem 
have been proved in the literature. In [15] Magid computed the Brauer group of a 
Laurent polynomial ring in several variables over an algebraically closed field of 
characteristic zero. This can be thought of as a special case of Theorem 1 (see [8, 
Remark 4.51). DeMeyer [7] proved Theorem 1 for the case where R is a perfect 
field. Hoobler [13] proved the theorem with the hypothesis that R is a noetherian 
normal domain. In this paper we use the method of proof found in [S, Section 41 
to extend the above results to the case where R is not necessarily normal, or even 
a domain. In Examples 1 and 2 the theorem is applied to compute the Brauer 
group of R[t, lit] in two cases where the ring R is a nonnormal domain. 
Throughout all cohomology groups are computed over the &tale site. All 
sheaves are for the Ctale topology. The multiplicative group of invertible elements 
of a ring R is denoted R”. We denote by G,, the sheaf of units and by pn the sheaf 
of nth roots of unity. Recall the following well-known values of the lower-degree 
&tale cohomology groups with coefficients in G, for an affine scheme X = 
Spec(A): 
H”(X, G,) = A* = units of A , 
H’(X, G,,) = Pit(A) = Picard group of A , 
tors(H*(X, G,,,)) = B(A) = Brauer group of A . 
The image and kernel of a homomorphism f are denoted im( f), ker( f). For an 
abelian group G we denote by .G the subgroup consisting of all x E G such that 
11x = 0. All other unexplained terminology and notation is as in [16]. 
Suppose X is a scheme and i : Z-+ X is a closed immersion. Let U be the open 
subscheme X - Z. If F is any sheaf on X, we can define the cohomology groups of 
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F with support on 2, U;(X, F), to be the right derived functors of the functor 
F-+ H’(Z, i!F) [16, p, 911. We also have the sheaves Hz(X, F) = (Rqi!)F on 2 
for 4 >O and there is a spectral sequence HP(Z, Ns(X, F))+H$t4(X, F) since 
i! preserves injectives and H:(X, F) = H”(Z, i!F) 126, VU]. Also i,N!JX, F) is 
the sheaf associated to the presheaf V* H&,(V, I;). 
If R is a noetherian ring, then we can write R = @ Fz, R, where Ri is 
indecomposable. Therefore R(R) = @ Fe1 B(Ri) and to compute B(R[t, 1 it]) it 
suffices to assume R is indecomposable. 
Theorem 1. Let R be a commutative, ~ndecomposab~e, noetherian ring wb~ch is a 
Z[1 In]-algebra where n > 1. Let t be an indeternli~ate. Then the natural map 
Pic(R[t]) 4 Pic(R[ t, 1 /t]) is a monomorphism. Let C denote the quotient group 
Pic(R[t, 1 ltJ)/Pic(R[t]). There is a natural injection CInC+ Homcont(7r, (R), 
ZlnZ) and a split exact sequence 
Corollary 2. With the same hypothesis, if the naturaE map Pic(R[t])* 
Pic(R[t, 1 lt]) is an isomorphism, then there is a split exact sequence 
The corollary follows immediately from the theorem. Before proving the 
theorem, note that the hypothesis of the corollary is satisfied when R is a normal 
domain (see [13, Proposition 2.11). 
Proof. Let Rred denote RiN where N is the niIradicai of R. Then, as is well 
known, B(R) = WL,)t ~(~~~~~ = QR,,,[tl), &?lt, 1 itI> = BCRr.sJf, 1 itl), 
rr,(R) = n,(Rrcd) and C/r&(R) = CInC(R,,,) (see, for example, [5, Theorem 1; 
16, Theorem 1.3.23; 2, Proposition 111.2.12]). Therefore, from now on we assume 
that R is reduced. Let x0, x1 be indeterminates and form the projective line over 
R, X= lFBk = Proj Rfx,, xl] (see [ll, Example II.2.5.1]), Let X, = Spec R[x,/xJ 
be the open subscheme of X where xi f 0 and X, = Spec R[x,/x,J the open 
subscheme where x0 # 0. Let 2 = X - X1 be the cIosed subscheme where x0 = 0. 
Then X0 is a Zariski open neighborhood of 2 and Z z Spec R. Also X0 - 2 = 
X0 fl X, = Spec R[x,ix,, x,/x,]. From now on we will let t = x,/x,. 
Step 1. derivation of short exact sequences O-+ H’(X,, G,)-+ H”(X, n Xi, 
Cm)4 H$J”(X,, G,,,)-+ 0. Consider the following morphisms of schemes 
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where i, and i, are the open immersions given in the definitions of X0 and X, 
respectively. The morphism u is induced by the R-algebra isomorphism R[l lt] z 
R[t] which sends lit to t. The morphisms (T, i, and i, are Ctale morphisms so 
CT*G, = G,, iXG,= G,,, and iTG m = G m. Diagram (1) of schemes induces a 
diagram of cohomology groups 
HP(X, G,) 
/\ 
(2) 
HP@‘, 7 G,) ‘HP(X,,, G,) 
for each p 2 0. Because (T, i,, i, are &ale morphisms (T*, i*,, iT are exact and 
preserve injectives so the maps in (2) are induced by the obvious maps on global 
sections 
H’(X, G,) 
(3) 
H”(X, G,,, > H ” W,, > G, > 
and the universal property of derived functors [16, III, 1.6(c)]. By the sheaf 
property, we have an exact sequence 
0-t H’(X, G,)+ @(X1, G,) Cf3 H'(X,,, G,)+ H"(Xo n X,, G,) . 
(4) 
After identifying the affine global sections this becomes 
O+ H”(X, G,,)+R[llt]*@R[t]*+R[t, l/t]*. (5) 
Because R is reduced R[t]* = R* and we see that H”(X, G,) = R*. Therefore (3) 
is a commutative diagram and the same is true of (2). By [16, Proposition III, 
1.251 there are two long exact sequences 
-..+H;(X, G,) +HP(X, G,)+HP(X,, G,)*... , (6) 
. ..~H~(X.,,G,)~HP(Xo,G,)~HP(X,,nX,,G,)~,... (7) 
For each p z- 0 there is a diagram 
H$(X, G,> - 
I 
HP@-, G,) 
I 
ff:(x,,t G,) - HP(X,,T G,,) 
(8) 
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The maps are induced by the obvious maps on global sections 
%(Xot G,) 
I 
-H’(Xo, G,) 
%(X G,) - 
I 
H”(X G,) 
(9) 
Diagram (9) is commutative, by the definition of cohomology with supports on 2 
[16, p. 911 therefore (8) is also commutative. Combining diagrams (2) and (8) 
yields a commutative diagram 
H;(X, G,) --- HP(X, G,) 
I 
-H”(X,, G,) 
(10) 
HP,Wo, G,) -ffP(&, G,) 
The left vertical arrow is an isomorphism by the excision theorem [16, Proposition 
111.1.271. The right vertical arrow of (10) is induced by u, hence is an isomor- 
phism. The top row of (10) is exact so the bottom arrow is the zero map for all 
p 2 0. Sequence (7) yields a short exact sequence 
O+ H”(X,, G,)+ HP(XO n Xl, G,)+ H;+‘(X,,, G,)+O (11) 
for each p 2 0. We are interested in the cases p 5 2. When p = 0, upon replacing 
groups of units for H” groups, (11) becomes 
l~R[t]*~R[t,l/t]*~H:(X,,, G,)+O. (12) 
As noted earlier R[t]* = R* so (12) is split exact. Also R[t, l/t]* = R* X (t) and 
HL(X,, G,) is identified with the infinite cyclic group (t) When p = 1 in (11) we 
get a sequence involving Picard groups 
O+Pic(R[t])-+Pic(R[t, l/t])-Hi(X,,, G,)-+O (13) 
which proves the first claim of the theorem. For p = 2, (11) becomes 
O+ H2(Xo, G,)+ N*(X, n X,, G,)+ H;(X,, G,)+O. (14) 
Now let U = X,, and p, the kernel of the nth power map on G,: 
1+,_~~+G,-1G,,,-1 (15) 
For the etale topology on ZJ (or Z) this is an exact sequence and since n is 
invertible in R, p,, is locally isomorphic to the constant sheaf ZlnZ. 
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Step 2. Computation of Hi(U, p,). Since U = Spec R[t] and 2 = Spec R, (2, U) 
is a smooth Z-pair hence, together with the sheaf p,,, satisfies the hypothesis of 
the ‘theorem of cohomological purity’ [16, Theorem VI.5.11. The theorem con- 
cludes that Hs(U, Pi) = 0 for p # 2 and Hi(u, Pi) is locally isomorphic to p,, . 
The spectral sequence HP(Z, Hz(U, Pi)) + H$+‘(U, Pi) yields the isomor- 
phisms 
and 
H;W in) = H”V, H;(U, PU,>) (16) 
H;(U, CL,) = H’(Z, &U, p,,)) . (17) 
Define a morphism z/nz+H$(U, p,). To do this we show that Hi-U, Pi) 
has a global section of order n. Our argument is similar to that of [16, pp. 
247-2481 defining the fundamental class of a smooth pair over a separably closed 
field. From (16) we know that H”(Z, Hi(U, p,)) = Hi(U, pn). From sequence 
(12) we can identify Hk(U, G,) = (t). F rom the Kummer sequence (15) we get 
an exact sequence for cohomology with supports on Z 
Denote the image of t in Hi(U, p,,) by i Since (18) is an exact sequence, we see 
that t generates a subgroup of order y1 in Hi(U, pn). The assignment l-+ t 
induces a morphism of sheaves on Z, 4 :Z/nZ+Hi(U, p,,). To see this, first 
define 4 on the presheaf ZlnZ, then extend 4 to the sheaf ZlnZ using the 
universal mapping property [16, Theorem 11.2.111. We show that 4 is an 
isomorphism. Because Hi(U, p,,) is locally isomorphic to i?lnL on Z it suffices to 
show that igenerates Hl(U, p,,) locally. We use the fact that I’,Hg(U, CL,,) is the 
sheaf associated to the presheaf V+ H2 zx,(V, p,) [16, p. 2411. Using excision 
[16, Proposition 111.1.271 we may restrict our attention to V of the form W x z U 
where W = Spec A, and A is an Ctale R-algebra. Applying the above results to 
(W, W X U) we see that the image of tin H&(W x U, p,,) generates a subgroup 
of order n. Therefore, 4 is an isomorphism. From (17) we see that Hi(U, p,) g 
H’(Z, Z/d). But H’(Z, Z/d) classifies &ale Galois covering spaces of Z with 
cyclic Galois group ZlnL and so is given by Hom,,,,(r,(R), Z/d). 
Step 3. Completion of the proof. We turn our attention once again to the long 
exact sequence of cohomology with supports on Z induced by (15). Consider the 
portion 
H:W G,)~H;(U, G,)+ H;(U, in)+ f&U, G,) 
-r; H%J, G,)+ H;(U, P,) . (19) 
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Since HL(lJ, G,) z’z and H;(U, /A,) ~ZlnZ we conclude that Hi(U, G,) has 
no torsion of order n. By (13) we identify Hi(U, G,) with the quotient group 
C = Pic(R[t, 1 lt])/Pic(R[t]) and the last arrow in (19) gives a natural injection of 
CInC into Horn co”t(nl(R)> Z/n0 
One can check that diagram (10) commutes with the sheaf of units G, replaced 
by the sheaf EL, and we get short exact sequences (11) with CL,, replacing G,. 
Combining the short exact sequences (11) for p, and G, with the long exact 
Kummer sequences yields an exact commutative diagram 
O+ H2(U, P,)+ H2(U - Z, /J,)* H;VJ, ~nl-0 
1 I I s 
O-+ H2(U, G,)+ H2(U - 2, G,)-i, H;(U, G,)+O 
I 
n 
i 
n 
I 
n 
O+ H’(U, G,)+ H2(U - Z, G,)* H;(U, G,)+O 
(20) 
Now we check that r(,H*(U - Z, G,)) = im(s). Let x be an element of H2(U - 
Z, G,) such that nx = 0. Since nx = 0 we may lift x to the top row of (20) and we 
see that T(X) is in the image of s. Now let y E Hi(U, pn). Since y is in the image 
of H2(U - Z, p,), there exists x E ker(n) such that T(X) = s(y). 
It was shown earlier that im(s) z Hom,,,,(7r,(R), if/nZ)/(C/nC). We may 
identify the torsion subgroup of H’(U, G,) with the Brauer group B(U) since II 
is affine [9 or 121. Since n is invertible in R, .B(R[t]) = .B(R) [13, 1.61. Since the 
map R-+ R[t, 1 lt] admits a section the sequence 
O+ J(R)+ ,B(R[t, l/t])+ 
Hom,,,,(~,(R)~ Z/nn) +. 
CInC 
is split exact. 0 
Examples. (1) Let k be a field, char(k) # 2, 3 and R the affine coordinate ring of 
the plane nodal cubic curve y2 = X*(X + 1). One easily checks using Mayer- 
Vietoris sequences [S, 14 or 31 that C = Pic(R[t, 1 /t])/Pic(R[t]) z ;2. If k is the 
field of real numbers 1w one may compute Hom,,,,(n,(R), Q/Z) E Z/22@Q/Z, 
hence Theorem 1 yields B(R[ t, 1 lt]) z B(R) d3 2/22 z Z/22 @ Z /22 (see [6] for 
the Brauer group of a real curve). 
(2) Let k be a field, char(k) # 2, 3 and R the affine coordinate ring of the plane 
cuspidal cubic curve y3 = x2. In this case Pit(R) = Pic(R[t]) = Pic(R[t, 1 it]). If 
k = 53, then Horn cont(~I(R),Q/~)~Z/2~ and B(R[t,llt])= B(R)@Z/2Z= 
z/2n@n/2n. 
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